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ABSTRACT
In this dissertation, we prove a characteristic p > 0 analogue of the log ter-
minal inversion of adjunction and show the equality of the two technical terms
F-Different and Different conjectured by Schwede. We also prove a special version
of the (relative) Kawamata-Viehweg vanishing theorem for 3-folds, normality of
minimal log canonical centers, Kodaira’s Canonical Bundle formula for family of
rational curves, and the Adjunction Formula onQ-factorial 3-folds in characteristic
p > 5.
To my father Late Umapati Das, mother Annapurna Das, and my wife Debosmita
Gan Das
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CHAPTER 1
INTRODUCTION
One of the main goals of algebraic geometry is to classify algebraic objects,
namely algebraic varieties. In birational geometry, we want to classify algebraic
varieties up to birational isomorphisms, i.e., we say that two algebraic varieties
are “Birationally Equivalent” if their function fields are isomorphic. The Minimal
Model Program (MMP) is in the heart of the birational classification of algebraic
varieties. In higher dimension (dim   3), one needs to allow some singularities
in order to run the MMP. Therefore, it is important to understand the singular-
ities of the MMP. In the quest for understanding the MMP singularities, we find
Adjunction and Inversion of Adjunction, two powerful technical tools in algebraic
geometry which relate the singularities of a variety to the singularities of certain
subvarieties. In this dissertation, we study these two technical tools in depth.
The Minimal Model Program in characteristic 0 depends heavily on the resolu-
tion of singularities and the Kawamata-Viehweg vanishing theorem. In character-
istic p > 0, the first one is known only in dim  3 and the second one is known
to fail (even in dimension 2). Recently in a series of papers by Hara, Hochster,
Huneke, Mustat¸a´, Schwede, Smith, Tucker, and others, it has become clear that
one can sometimes replace the vanishing theorems by use of test ideals, Frobenius
maps, and the Serre vanishing theorem. The F-singularity techniques coming from
the tight closure theory in commutative algebra have proved to be a powerful tool
in studying birational geometry in characteristic p > 0. In this dissertation, we
also study the adjunction and inversion of adjunction for F-singularities and their
relations to the MMP singularities.
Chapter 1 contains mostly preliminary results. In this chapter, we define the
F-singularities and the MMP singularities. We also state the known results on how
2they are related.
Chapter 2 is about Inversion of Adjunction. In this chapter, we state the known
results on various statements of inversion of adjunction in characteristic 0 and p.
We also prove one of our main theorems, namely the characteristic p > 0 analogue
of Log Terminal inversion of adjunction in arbitrary dimension. More specifically,
we prove the following theorem
TheoremA (Theorem 3.17, Corollary 6.5). Let (X, S+ B) be a pair where X is a normal
variety, S+ B   0 is a Q-divisor, KX + S+ B is Q-Cartier and S = bS+ Bc is reduced
and irreducible. Let n : Sn ! S be the normalization morphism, write (KX + S+ B)|Sn =
KSn + BSn. If (Sn, BSn) is strongly F-regular, then S is normal; furthermore, S is a unique
center of sharp F-purity of (X, S + B) in a neighborhood of S and (X, S + B) is purely
F-regular near S.
Chapter 3 is about Vanishing theorems and Log Canonical centers. In this
chapter, we prove some basic properties of LC centers for 3-folds in character-
istic p > 0 which are already known in characteristic 0 and expected to hold in
characteristic p > 0. Finally, we prove a special version of the Relative Kawamata-
Viehweg vanishing theorem for Q-factorial 3-folds in characteristic p > 5. Then
using this theorem, we prove that the minimal LC centers of a 3-fold are normal in
characteristic p > 5. More specifically, we prove the following theorems
Theorem B (Theorem 4.6). Let (X,D > 0) be a Q-factorial 3-fold log canonical pair
with isolated center W, codimX W = 2, and S a unique exceptional divisor dominatingW
with a(S,X,D) =  1. Also assume that X has KLT singularities. Let f : (Y, S+ B) !
(X,W) be the corresponding divisorial extraction such that KY + S+ B = f ⇤(KX + D).
Then R1 f⇤OY( S) = 0.
Theorem C (Theorem 4.7). Let (X,D) be a Q-factorial 3-fold log canonical pair such
that X has KLT singularities. If W is a minimal log canonical center of (X,D), then W is
normal.
Chapter 4 is about the adjunction formula on 3-folds in characteristic p > 0.
In this chapter, we state the adjunction conjecture and various known cases of this
3conjecture. We prove a special version of Kodaira’s Canonical Bundle formula for
families of rational curves in characteristic p > 0. Finally, we prove the Adjunction
Formula on Q-factorial 3-folds in characteristic p > 0.
Theorem D (Theorem 5.13). Let f : X ! Z be a proper surjective morphism, where
X is a normal surface and Z is a smooth curve over an algebraically closed field k of char
(k) > 0. Also assume that Q = Âi Qi is a divisor on Z such that f is smooth over
(Z  Supp(Q)) with fibers isomorphic to P1. Let D = Âj djPj be aQ-divisor on X, where
dj = 0 is allowed, which satisfies the following conditions:
1. (X,D   0) is KLT.
2. D = Dh + Dv, where Dh = Â f (Dj)=Z djDj and D
v = Â f (Dj) 6=Z djDj. An irredu-
cible component of Dh (resp. Dv) is called horizontal (resp. vertical) component.
3. char(k) = p > 2d , where d is the minimum non-zero coefficient of D
h.
4. KX + D ⇠Q f ⇤(KZ + M) for some Q-Cartier divisor M on Z.
Then there exists an effective Q-divisor Ddiv   0 and a semi-ample Q-divisor Dmod   0
on Z (as defined in 5.1.2) such that
KX + D ⇠Q f ⇤(KZ + Ddiv + Dmod).
Theorem E (Theorem 5.14). Let (X,D   0) be a Q-factorial 3-fold log canonical pair
such that the coefficients of D are contained in a DCC set I ✓ [0, 1]. Let W be a minimal
log canonical center of (X,D), and codimension of W is 2. Also assume that X has KLT
singularities and char(k) > 2d , where d is the non-zero minimum of the set D(I) (defined
in 5.1.1). Then the following hold:
1. W is normal.
2. There exists effective Q-divisors DW and MW on W such that (KX + D)|W ⇠Q
KW + DW + MW. Moreover, if D = D0 + D00 with D0 (resp. D00) the sum of
all irreducible components which contain (resp. do not contain) W, then MW is
determined only by the pair (X,D0).
43. There exists an effectiveQ-divisor M0W such that M0W ⇠Q MW and the pair (W,DW +
M0W) is KLT.
Chapter 5 is about F-adjunction. In this chapter, we define the F-adjunction.
The main theorem of this chapter is about the equality of the two technical terms
F-Different, coming from F-adjunction, and the Different, coming from the usual
adjunction. More specifically, we prove the following theorem
Theorem G (Theorem 6.4). Let (X, S+ D   0) be a pair, where X is a F-finite normal
excellent scheme of pure dimension over a field k of characteristic p > 0 and S+ D   0
is a Q-divisor on X such that (pe   1)(KX + S + D) is Cartier for some e > 0. Also
assume that S is a reduced Weil divisor and S^D = 0. Then the F-Different, F-DiffSn(D)
is equal to the Different, DiffSn(D), i.e., F-DiffSn(D) = DiffSn(D), where S
n ! S is the
normalization morphism.
Notation and Conventions. We work over an algebraically closed field k of
characteristic p > 0 throughout the whole dissertation, unless stated otherwise.




In this chapter, we will define the F-singularities and the singularities of the
Minimal Model Program (MMP). We will also compare the properties of these two
types of singularities and state the know results about their relationship.
2.1 F-singularities
Definition 2.1. We say that a noetherian ring R of characteristic p > 0 is F-finite if
F⇤R is finitely generated as a R-module.
Definition 2.2. Let A be a normal domainwith quotient field K(A) andD, aQ-Weil
divisor on X = Spec A. We define the A-module A(D) as
A(D) = { f 2 K(A) : D+ div( f )   0} [ {0}.
Definition 2.3. [HW02], [Har05], [HR76], [Tak04a], [Sch10]. Let A be a F-finite
normal domain of characteristic p > 0 and D an effective Q-Weil divisor on X =
Spec A.
(1) We say that the pair (X,D) is strongly F-regular if for every non-zero c 2 A,





   i // Fe⇤A(d(pe   1)De)
splits as a map of A-modules.
(2) (X,D) is purely F-regular if for every non-zero c 2 A which is not in any





   i // Fe⇤A(d(pe   1)De)
6splits as a map of A-modules.




   i // Fe⇤A(d(pe   1)De)
splits as a map of A-modules.
Remark 2.4. Our definition of purely F-regular is the same as divisorially F-regular
defined in [HW02].
Example 2.5. 1. It is obvious from the definition that ‘Strongly F-regular )
Purely F-regular) Sharply F-pure’.
2. Let X = Spec k[x] and D = 0. Then (X, 0) is strongly F-regular. Let c =
f (x) 2 k[x]  {0}. We have to show that there exists an e > 0 such that the
map fe : k[x] ! Fe⇤k[x] defined by fe(1) = f (x) as a k[x]-module splits. Let
deg( f (x)) = n. Now Fe⇤k[x] is a free k[x] module with {1, x, x2, . . . , xpe 1} as
a free basis over k[x]. Choose e > n = deg( f (x)), then
Be = {1, x, x2, . . . , xn 1, f (x), xn+1, . . . , xpe 1}
is also a free basis of Fe⇤k[x] over k[x]. We define ye : Fe⇤k[x] ! k[x] by
ye( f (x)) = 1 and ye(g(x)) = 0 for all g(x) 2 Be   { f (x)}. Then ye is the
required splitting.
3. Let X = Spec k[x] and D = div(x). Then (X,D) is purely F-regular but
not strongly F-regular. First we will show that (X,D) is not strongly F-
regular. Let c = x 2 k[x]. We have to show that for any e > 0, the map





defined by fe(1) = x does
not split. On the contrary, assume that there exists an e > 0 such that fe





! k[x] is the corresponding splitting. Then










. This implies that x is a unit in
k[x], a contradiction. Now we will show that (X,D) is purely F-regular.
We have bDc = D = div(x) and k[x]( bDc) = (x). Let c = f (x) 2 k[x]
such that f (0) 6= 0. We have to show that there exists an e > 0 such that





defined by fe(1) = f (x) splits. We
see that
n










e > deg( f (x)). Since f (0) 6= 0,
n
f (x), 1x ,
1










over k[x]. Thus we have a splitting ye defined similarly as in
Example (2) above.
4. Let X = Spec k[x, y] and D = div(xy). Then (X,D) is sharply F-pure but
neither strongly F-regular nor purely F-regular. First wewill show that (X,D)
is not purely F-regular. Let c = x + y 2 k[x, y] and consider the map fe :
k[x, y] ! Fe⇤
⇣
k[x, y] · 1
xpe 1ype 1
⌘
defined by fe(1) = x + y. On the contrary,
assume that ye : Fe⇤
⇣
k[x, y] · 1
xpe 1ype 1
⌘
! k[x, y] is a splitting of fe. Then 1 =










, which is a contradiction to
the fact that (x, y) 6= k[x, y]. Now we will show that (X,D) is sharply F-pure.
We have to show that themap fe : k[x, y]! Fe⇤
⇣




fe(1) = 1 splits. Obviously Be =
n
xl1yl2
xpe 1ype 1 : 0  l1,l2  pe   1
o
is a free
basis of Fe⇤R, where R =
⇣
k[x, y] · 1
xpe 1ype 1
⌘
over k[x, y]. Since 1 2 Be, we can
define ye : Fe⇤
⇣
k[x, y] · 1
xpe 1ype 1
⌘
! k[x, y] by ye(1) = 1 and ye(g(x, y)) = 0
for all g(x, y) 2 Be   {1}. Clearly ye is a splitting of fe.
5. Let X = Spec k[x] and D = div(x2). Then (X,D) is not sharply F-pure. We






, defined by fe(1) = 1 splits. On the contrary, assume that





! k[x] gives a splitting





. This implies that x is a unit in k[x], a
contradiction.
Definition 2.6. Let (X,D   0) be a pair where X is a normal variety and Lg,D =
(1  pg)(KX + D) an integral Cartier divisor for some g > 0. Then by the Grothen-
dieck Trace map, we get a morphism
fg : Fg⇤OX(Lg,D)! OX.









Remark 2.7. The above intersection is a descending intersection. By [Sch14, Remark





= s(X,D) for all e  0.
Remark 2.8. If KX + D is Q-Cartier with index not divisible by p, then (X,D   0) is
sharply F-pure if and only if s(X,D) = OX.
2.2 Singularities of the Minimal Model Program (MMP)
Let X be a normal variety and f : Y ! X be birational morphism. Any prime
Weil divisor E ✓ Y is called a divisor over X. The closure of its image f (E) is called
the center of E in X.
Let (X,D) be a pair, where X is a normal variety and D a Q-divisor (not neces-
sarily effective) such that KX +D isQ-Cartier. Let f : Y ! X be a proper birational
morphism. Then we write
KY = f ⇤(KX + D) +Â a(Ei,X,D)Ei,
where f⇤(KY) = KX and the sum runs over all prime Weil divisors in Y.
The rational numbers a(Ei,X,D) are called the discrepancy of the divisor Ei ✓ Y. If
the center of Ei is a component D = Â diDi, say Di, then a(Ei,X,D) :=  di. If Ei
is not an exceptional divisor of f and its center is not a component of D, then we
define a(Ei,X,D) := 0. Thus the above sum is a finite sum.
D = Â diDi is called a boundary divisor if 0  di  1 for all i, and a subboundary
if di  1 for all i.
Definition 2.9. The discrepancy of (X,D) is defined by
discrep(X,D) := inf {a(E,X,D) : E is an exceptional divisor over X} .
Definition 2.10. The total discrepancy of (X,D) is defined by
totaldiscrep(X,D) := inf {a(E,X,D) : E is a divisor over X}.
9Definition 2.11. Let (X,D) be a pair, where X is a normal variety, D = Â diDi is a
Q-divisor such that di  1 for all i, and KX + D is Q-Cartier. We say that (X,D) is
Terminal if discrep(X,D) > 0.
Canonical if discrep(X,D)   0.
Kawamata Log Terminal (KLT) if totaldiscrep(X,D) >  1.
Purely Log Terminal (PLT) if discrep(X,D) >  1.
Log Canonical (LC) if totaldiscrep(X,D)    1.
Definition 2.12. Let (X,D) be a pair, where X is a normal variety, D = Â diDi is
a Q-divisor such that di  1 for all i, and KX + D is Q-Cartier. We say (X,D) is
Divisorially Log Terminal (DLT) if there exists a closed subset Z ✓ X such that
1. X\Z is smooth and D|X\Z is a SNC divisor.
2. If f : Y ! X is a proper birational morphism and E is a prime divisor on Y
such that centerXE ✓ Z, then a(E,X,D) >  1.
Definition 2.13. Let (X,D) be a pair, where X is a normal variety and D is a
Q-divisor such that KX + D is Q-Cartier. Let f : Y ! X be a proper birational
morphism and E ✓ Y a prime divisor of Y. If the discrepancy a(E,X,D) =  1 and
f (E) = W, thenW is called a Non-Kawamata Log Terminal Center (NKLT Center)
or a Log Canonical Center (LC Center) of (X,D), and E is a Log Canonical Place of
W. If a(E,X,D) <  1, thenW is called a Non-Log Canonical Center (NLC Center)
of (X,D).
Example 2.14. 1. If dimX   2, then each of the singularities in the list of Defin-
ition 2.11 implies the next one, except canonical does not imply KLT when
D has a component with coefficient 1, e.g., (A2, div(x)) is canonical but not
KLT. Also DLT implies LC and is implied by PLT.
2. (A2, 0) is terminal.
3. (A2, div(x)) is canonical but not terminal.
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4. (A2, 12 div(x) +
3
4 div(y)) is KLT but not canonical.
5. (A2, div(x) + div(y)) is DLT but not PLT.
6. (A2, 56 div(y
2   x3)) is LC but not DLT.
For other properties of these singularities, see [Kol96], [KM98] and [Kol13].
2.3 F-singularities vs. MMP singularities
The following facts suggest that the strongly F-regular, purely F-regular, and
sharply F-pure are the characteristic p > 0 analogue of KLT, PLT, and LC singular-
ities, respectively.
If X is a smooth curve, then
1. (X,D) is strongly F-regular if and only if (X,D) is KLT.
2. (X,D) is purely F-regular if and only if (X,D) is PLT.
3. (X,D) is sharply F-pure if and only if (X,D) is LC.
In higher dimension, the following implications hold.
Theorem 2.15. [HW02, Theorem 3.3]
1. If (X,D) is strongly F-regular, then (X,D) is KLT.
2. If (X,D) is purely F-regular, then (X,D) is PLT.
3. If (X,D) is sharply F-pure, then (X,D) is LC.
The converse results fail in each case in higher dimensions. For example, con-
sider (A2, (56   e)C), where C is the cusp y2   x3 = 0 and 0 < e < 56 . Then
(A2, (56   e)C) is KLT but not sharply F-pure in characteristic p, for p ⌘ 5 (mod6)
and 0 < e < 16p .
In [Har98], Hara showed that a partial converse of the Part (1) of Theorem
2.15 holds in dimension 2. More precisely, he proved that if D = 0, dimX =
2, and char(k) > 5, then (X, 0) is KLT if and only if (X, 0) is strongly F-regular
(see [Har98, Corollary 4.9]). In a recent article by Hacon and Xu [HX13], they
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extended Hara’s result to the case when the coefficients of D belong to the set {1 
1
n : n   1} [ {1} (see [HX13, Theorem 3.1]). In another recent article by Cascini,
Gongyo, and Schwede [CGS14], they extended Hara’s result to the case when the
coefficients of D are in a fixed DCC set and char(k) > I0, where I0 is completely
determined by the coefficients of D (see [CGS14, Theorem 1.1]).
For the following two theorems we will assume that (X,D) is a pair in charac-
teristic 0 and (Xp,Dp) is the reduction of (X,D) modulo the prime p.
Theorem 2.16. [HW02, Theorem 3.7]
1. If (Xp,Dp) is strongly F-regular for infinitely many p, then (X,D) is KLT.
2. If (Xp,Dp) is purely F-regular for infinitely many p, then (X,D) is PLT.
3. If (Xp,Dp) is sharply F-pure for infinitely many p, then (X,D) is LC.
Theorem 2.17. [Tak04b, Corollary 3.4][Tak08, Corollary 5.4]
1. If (X,D) is KLT, then (Xp,Dp) is strongly F-regular for all p  0.
2. If (X,D) is PLT, then (Xp,Dp) is purely F-regular for all p  0.
2.4 What Is Adjunction and Inversion of Adjunction?
Let (X,D   0) be a pair, where X is a normal variety and D is an effective
Q-divisor such that KX + D is Q-Cartier. Adjunction in general means that if we
assume something about (X,D), then we can conclude something about a LC
center of (X,D). Inversion of Adjunction on the other hand means that if we
assume something about a LC center of (X,D), then we can conclude something
about the pair (X,D). Inversion of adjunction is in general harder to prove than
adjunction.
If X is a smooth variety and S is smooth prime divisor of X, then we know that
(KX + S)|S ⇠ KS. This formula is known as the adjunction formula. If X is singular,
then the above formula needs a correction term called the ‘Different’.
The adjunction formula for higher codimensional subvarieties is mostly con-
jectural. However, many partial results are known in characteristic 0. In this
12
dissertation, we prove a special version of this formula for 3-folds in characteristic
p > 5.
2.4.1 Example
Let X be a cone over a rational curve C of degree n. Let f : Y ! X be the
blowup of X at the vertex. If E is the exceptional divisor of f , then E ⇠= C and
E2 =  n (see [Har77, Chapter V, Example 2.11.4]). Let S be a ruling of X and S0,
the strict transform of S. Then we have
f ⇤S = 1
n













E = f ⇤(KX + S).
Since f |S0 : S0 ! S is an isomorphism, we get
(KX + S)|S = f ⇤(KX + S)|S0 =
✓














where P = S0 \ E.





‘Different’ of the adjunction formula for the pair (X, S). Observe that (X, S) has








has KLT singularities (see Theorem 3.1).
To use inversion of adjunction, first we apply the adjunction formula on a LC
center, sayW, of (X,D) to get a pair (W,DW). Now if we know some information
about the singularities of the pair (W,DW), then by inversion of adjunction we
can make some conclusion about the singularities of the pair (X,D) in a neighbor-
hood of W. This allows us to extract information from lower dimension to higher
dimension.
2.4.2 Resolution of Singularities
After [Abh65] and [Hir84], we know that the resolution of singularities exists
for excellent surfaces in characteristic p > 0; see also [Lip78]. We will also use the
existence of minimal resolution.
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Theorem 2.18 (Existence of minimal resolution). Let X be an excellent surface. Then
there exists a unique resolution f : Y ! X, i.e., f is a proper birational morphism and Y
is non-singular, such that any other resolution g : Z ! X of X factors through f .
Proof. For a proof, see [Lip69, 27.3]. Also consult [Lip78], [Kol13, 2.25], and [Kol07,
2.16].
Remark 2.19. The regular surface Y in the theorem above is an excellent surface and
not necessarily a variety. Also Y does not contain any ( 1)-curves over X and KY
is nef relative to X.
We will use the following properties of Weil divisors and reflexive sheaves
throughout this article. For the convenience of the reader, we record some useful
properties of reflexive sheaves that we will use without comment.
Proposition 2.20. [Har77] and [Har94, Proposition 1.11, Theorem 1.12] Let X = SpecR
be a normal affine variety and M and N finitely generated R-modules. Then
(1) M is reflexive if and only if M is S2. (2) HomR(M,R) = M_ is reflexive. (3) If R is
of characteristic p > 0 and F-finite (see Definition (2.1)), then M is reflexive if and only
if Fe⇤M is reflexive, where Fe : X ! X be the e-iterated Frobenius morphism. (4) If N is
reflexive, then HomR(M,N) is also reflexive. (5) Suppose M is reflexive and Z ✓ X be
a closed subset of codimension 2. Set U = X   Z and let i : U ! X be the inclusion.
Then i⇤(M|U) ⇠= M__ ⇠= M. (6) With the notations as in (5), the restriction map to U
induces an equivalence of categories from reflexive coherent sheaves on X to the reflexive
coherent sheaves on U. (7) If f : F ! G is a morphism between coherent sheaves on X,
then there exists a natural morphism f 0 : F__ ! G __ such that f 0|U = f |U for some
open set U ✓ X. In particular, if G is reflexive, i.e., G = G __, then f : F ! G factors
through f 0 : F__ ! G .
Proposition 2.21. [Har94, Proposition 2.9] and [Har07, Remark 2.9] Let X be a normal
variety and D be a Weil divisor on X. Then there is a one-to-one correspondence between
the effective divisors linearly equivalent to D and the non-zero sections s 2 G(X,OX(D))
modulo multiplication by units in H0(X,OX).
CHAPTER 3
INVERSION OF ADJUNCTION
Inversion of adjunction is a powerful tool in studying the birational geometry
of algebraic varieties. It has been studied heavily in characteristic 0. It is well
known that if (X, S+ B) is a pair where bS+ Bc = S is irreducible and reduced,
then (X, S + B) is PLT near S if and only if (Sn, BSn) is KLT, where Sn ! S is
the normalization of S and KSn + BSn = (KX + S+ B)|Sn is defined by adjunction.
The proof follows from the resolution of singularities and the relative Kawamata-
Viehweg vanishing theorem. In characteristic p > 0 and in higher dimensions
(dim > 3), existence of the resolution of singularities is not known and the vanish-
ing theorem (Kawamata–Viehweg) is known to fail, so we cannot expect a similar
proof here. In this chapter, we prove a characteristic p > 0 analog of the ‘Log
terminal inversion of adjunction’mentioned above.
The following results on inversion of adjunction are known in characteristic 0
in arbitrary dimension.
Theorem 3.1. [KM98, Theorem 5.50, Theorem 5.51][Kaw97] Let (X, S + B   0) be a
pair in characteristic 0 where X is a normal variety, S+ B   0 is a Q-divisor such that
S ^ B = ∆ and bS+ Bc = S is a reduced Weil divisor, and KX + S+ B is Q-Cartier. Let
BSn   0 be a Q-divisor on the normalization Sn of S defined by the adjunction formula
(KX + S+ B)|Sn ⇠Q KSn + BSn. Then
1. (X, S+ B) is PLT on a neighborhood of S if and only if (Sn, BSn) is KLT. Moreover
if (X, S+ B) is PLT, then S is normal.
2. (X, S+ B) is LC on a neighborhood of S if and only if (Sn, BSn) is LC.
The following versions of inversion of adjunction in characteristic 0 for LC
centers of arbitrary codimensions are known due to [Tak04a], [Eis11], [Hac14].
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Theorem 3.2. [Tak04a, Theorem 4.1, 4.2] Let X be a non-singular variety over a field of
characteristic 0 and Y = Âki=1 tiYi a formal combination where ti > 0 are real numbers
and Yi ( X are closed subschemes. Let Z ( X be a normalQ-Gorenstein closed subvariety
such that Z * [ki=1Yi. Then
1. If (Z,Y|Z) is LC, then (X,Y+ Z) is LC on a neighborhood of Z.
2. If (Z,Y|Z) is KLT, then (X,Y+ Z) is PLT near Z.
Theorem 3.3. [Eis11, Corollary 4.1] Let (X,D   0) be a pair, where X is a smooth
complex projective variety and D   0 is a Q-divisor. Let Z be an exceptional LC center of
(X,D) in a neighborhood of the generic point of Z. Then any generic Kawamata-Different
is KLT on the normalization Zn if and only if (X,D) is LC and Z is a minimal LC center
of (X,D).
Theorem 3.4. [Hac14] Let V be a LC center of a pair (X,D = Â diDi), where X is a
normal variety in characteristic 0, D is a Q-divisor, 0  di  1, and KX + D is Q-Cartier.
Then (X,D) is log canonical on a neighborhood of V if and only if (Vn,B(V;X,D)) is log
canonical.
The following results on inversion of adjunction are known in characteristic
p > 0.
Theorem 3.5. [HW02, Theorem 4.9] Let X be aQ-Gorenstein normal variety with char(k) -
index(KX) and S a Cartier divisor. If (S, 0) is strongly F-regular, then (X, S) is purely
F-regular near S.
Theorem 3.6. [HX13, Theorem 6.2][Bir13] Let (X, S+ B   0) be pair where X is a 3-fold
normal variety in characteristic p > 5, S+ B   0 is a Q-divisor such that bS+ Bc = S
is a prime Weil divisor, and KX + S+ B is Q-Cartier. Then
1. (X, S+ B) is LC on a neighborhood of S if and only if (Sn, BSn) is LC, where Sn ! S
is the normalization and KSn + BSn = (KX + S+ B)|Sn.
2. If X is a Q-factorial, then (X, S+ B) is PLT on a neighborhood of S if and only if
(Sn, BSn) is KLT. Moreover if (X, S+ B) is PLT, then S is normal.
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In characteristic p > 0, analogous results for F-singularities are known in arbit-
rary dimension due to Schwede [Sch09].
Theorem 3.7. [Sch09, Theorem 5.2] Let (X,D   0) be a pair, where X is a normal variety
in characteristic p > 0, D   0 is a Q-divisor, and KX + D is Q-Cartier with index not
divisible by p. Let W ✓ X be a normal subvariety of X which is a sharp F-pure center of
(X,D). Also assume that DW   0 is a Q-divisor on W defined by F-adjunction. Then
1. (X,D) is sharply F-pure on a neighborhood of W if and only (W,DW) is sharply
F-pure.
2. W is a minimal F-pure center of (X,D) if and only if (W,DW) is strongly F-regular.
The log terminal inversion of adjunction for surfaces was known for a long time
in characteristic p > 0, it follows from the exact same proof of the characteristic 0
case, since the resolution of singularities exists for surfaces in characteristic p > 0
and also the relative Kawamata-Viehweg vanishing theorem holds. In [HX13, 4.1],
Hacon and Xu proved the Theorem 3.17 using the resolution of singularities, so in
particular, their proof establishes the result for dimX  3. Our first proof of the
Theorem 3.17 closely follows the techniques used in [HX13].
3.1 Some Lemmas and Propositions
Wewill need the following lemmas and propositions to prove themain theorem
of this chapter (Theorem 3.17).
Lemma 3.8. Let (X,D   0) be a pair, where X is a normal excellent surface and KX +
D is a Q-Cartier divisor. Let f : (Y,D) ! (X,D) be a log resolution where KY +
D = f ⇤(KX + D). Write D = Â diDi, A = Âi:di<1 diDi and F = Âi:di 1 diDi. Then
Supp F = Supp bFc is connected in a neighborhood of any fiber of f .
Proof. By definition
d Ae   bFc = KY   (KY + D) + {A}+ {F} = KY + ( (KY + D) + f 1⇤ ({D}))
+ ({A}  f 1⇤ ({D})) + {F}.
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Now d Ae   bFc is an integral Cartier divisor and
 (KY + D) + f 1⇤ ({D}) ⌘ f f 1⇤ ({D}) is f -nef; therefore, by [KK, 2.2.5] (also see
[Kol13, 10.4]), we have
R1 f⇤OY(d Ae   bFc) = 0.
Applying f⇤ to the exact sequence
0! OY(d Ae   bFc)! OY(d Ae)! ObFc(d Ae)! 0
we obtain that
f⇤OY(d Ae)! f⇤ObFc(d Ae) is surjective. (3.1)
Since d Ae is f -exceptional and effective, f⇤OY(d Ae) = OX. Suppose by con-
tradiction that bFc has at least two connected components bFc = F1 [ F2 in a
neighborhood of g 1(x) for some x 2 X. Then
f⇤ObFc (d Ae)(x) ⇠= f⇤OF1 (d Ae)(x)   f⇤OF2 (d Ae)(x) ,
and neither of these summands is zero. Thus f⇤ObFc(d Ae)(x) cannot be the
quotient of Ox,X ⇠= f⇤OY(d Ae)(x), a contradiction.
Corollary 3.9. Let (X, S + B   0) be a pair such that X is a normal excellent scheme
of dimension n, KX + S+ B is Q-Cartier, and bS+ Bc = S is reduced and irreducible.
Further assume that n : Sn ! S is the normalization of S and (Sn, BSn) is KLT, where
KSn + BSn = (KX + S+ B)|Sn. Then S is normal in codimension 1.
Proof. Let p 2 X be a codimension 2 point of X contained in S, Xp = SpecOX,p and
Dp = Sp + Bp the restriction of S + B to Xp. Further assume that g : (X0,D0) !
(Xp,Dp) is a log resolution and let
KX0 + D0 = g⇤(KXp + Dp). (3.2)
Let T be the strict transform of Sp, then restricting both sides of the above equation
to T, we get
KT + (D0   T)|T = u⇤(KSnp + BSnp) (3.3)
where u : T ! Snp is the induced morphism.
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Let A = Âi:di<1 diD
0
i and F = Âi:di 1 diD
0
i be as in the lemma above where
A+ F = D0.
Since (Sn, BSn) is KLT, from (3.3) we get b(D0   T)|Tc  0. Thus if bFc has
another component say T1, then T \ T1 = ∆, but g(T) \ g(T1) 6= ∆, which is a
contradiction by Lemma 3.8. Hence bFc = T.
Now from (3.1) we get that
OXp ! g⇤OT(d Ae) is surjective.
But this map factors through OSp and g⇤OT(d Ae) contains n⇤OSnp , where n :
Sn ! S is the normalization morphism, hence OSp ! n⇤OSnp is surjective and
so Sp = Snp .
Lemma 3.10. With notations as in the proof of Corollary 3.9 above, assume that (Snp , BSnp)
is KLT, then (Xp, Sp + Bp) is PLT.
Proof. Rewriting (3.3) as below
KT = u⇤(KSnp + BSnp)  (A+ F0)|T
where F0 = F  T, we see that (Xp, Sp + Bp) is PLT if and only if F0 \ f 1(Sp) = ∆
or equivalently F0 \ f 1(p) = ∆. Now (Snp , BSnp) is KLT, so F0 \ T = ∆, therefore,
by Lemma 3.8, it follows that F0 \ f 1(p) = ∆, this completes the proof.
Proposition 3.11. With the same notations as in Lemma 3.10, if (Xp, Sp + Bp) is PLT,
then Xp is Q-factorial. In particular, for each Weil divisor D on X, there is an open set
U ✓ X (depending on D) containing all codimension 1 points of S, i.e., codimS(S U)  
2 such that D|U is Q-Cartier.
Proof. Since (Xp, Sp + Bp) is PLT, (Xp, 0) is numerically KLT, by [KM98, Corollary
4.2]. Let f : Y ! Xp be the minimal resolution of Xp and DY, the f -exceptional
Q-divisor satisfying the following relation as in [KM98, 4.1]:
KY + DY ⌘ f 0.
Since KY is nef, DY is effective by the Negativity lemma. Also, the coefficients of DY
are strictly less then 1, since (Xp, 0) is numerically KLT. Therefore, bDYc = 0. Then
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by [FT12, Theorem 6.2 (2)], R1 f⇤OX = 0. Hence Xp is a rational surface. Then by
[Lip69, 17.1], the Weil divisor class group WDiv(Xp) of Xp is finite. In particular,
Xp is Q-factorial.
Proposition 3.12. Let X = Spec A be an algebraic variety and S = Spec A/p be a
prime Weil divisor on X. Then there exists a normal variety Y and a projective birational
morphism f : Y ! X such that the strict transform S0 of S is the normalization of S.
Proof. Let n : Sn ! S be the normalization of S. Since n is proper and birational
and S is quasi-projective, it is given by a blow up of an ideal of A containing p.











where Y1 = Proj d 0 Id and f1 : Y1 ! X is the blow up morphism.
Observe that there are open affine sets X  ✓ Xsmooth and S  ✓ Ssmooth such that
S  = X  \ S. Let p : Y ! Y1 be the normalization morphism of Y1, and S0, the
strict transform of Sn under p. Then we have the following commutative diagram:








Now p|S0 : S0 ! Sn is a finite birational morphism between two varieties with
Sn normal, hence it is an isomorphism; in particular, S0 is normal. Set f = f1   p,
then f : Y ! X is the required morphism.
Lemma 3.13. Let (X, S+ B)   0 be a pair, where X is a normal affine variety, S+ B   0
is a Q-divisor, KX + S + B is Q-Cartier, and bS + Bc = S is reduced and irreducible.
Also assume that (Sn, BSn) is KLT, where Sn ! S is the normalization morphism and
(KX + S+ B)|Sn = KSn + BSn, and f : Y ! X as in Proposition 3.12. Then for every
Weil divisor D in Y, there exists an open set W ✓ Y (depending on D) containing all
codimension 1 points of S0 such that D|W is Q-Cartier.
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Proof. From the construction of f : Y ! X, we see that it is an isomorphism at
the points where S is normal. By Corollary 3.9, S is normal in codimension 1.
Therefore, by Proposition 3.11, Y is Q-factorial at every codimension 1 point of S0
and the required open setW exists.
Lemma 3.14. Let (X, S+ B) be a pair, where X = SpecR is a normal variety, S+ B   0
is a Q-divisor, KX + S+ B is Q-Cartier, and bS+ Bc = S is reduced and irreducible. Let
(Sn, BSn) be KLT, where Sn ! S is the normalization morphism and (KX + S+ B)|Sn =
KSn + BSn is defined by adjunction. Assume further that f : Y ! X is a projective
birational morphism from a normal variety Y and S0 is the strict transform of S such that
f |S0 : S0 ! S is the normalization morphism (such f exists by Proposition 3.12), and
KY + S0 = f ⇤(KX + S+ B) +AY.
Then dAYe|S0 is an effective Q-divisor on S0.
Proof. First observe that the restriction of dAYe to S0 is well-defined by Lemma
3.13. If dAYe|S0 not effective, then there exists an exceptional divisor Ei in AY with
coefficient ri   1 such that codimS0(Ei \ S0) = 1. Let p 2 X be the image of the
generic point of an irreducible component of Ei|S0 under the map f . The height
of p in R is 2, since f |S0 : S0 ! S is the normalization morphism by Proposition
3.12. Let Xp = Spec Rp and Yp = Xp ⇥X Y. Then Xp and Yp are both excellent
surfaces. Choose a log resolution g : Z ! Yp of (Yp, S0p  AYp). Then g induces a
log resolution of (Xp, Sp + Bp) as well. Since (Sp, BSp) = (S
n
p , BSnp) is KLT, by the
connectedness lemma (Lemma 3.8), we get a contradiction.
Proposition 3.15. Let (X, S + B) be a pair, where X = SpecR is a normal variety,
S + B   0 is a Q-divisor, KX + S + B is Q-Cartier, and bS + Bc = S is reduced and
irreducible. Also assume that f : Y ! X is a projective birational morphism from a normal
variety Y and S0 is the strict transform of S such that f |S0 : S0 ! S is the normalization
morphism (such f exists by Proposition 3.12), and
KY + S0 = f ⇤(KX + S+ B) +AY. (3.4)
Then there exists a Q-divisor X   0 on Y satisfying the following properties:
(i) X   S0 + { AY} and bXc = S0,
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(ii) (pe   1)(KY + X) is an integral Weil divisor for some e > 0, and
(iii) dAYe   (KY + X) is f -ample.
Proof. To construct such a divisor X, we first construct an effective Cartier divisor
F on Y such that  F is f -ample. Since X is affine and f is birational, there exists an
f -ample divisor A and an effective Cartier divisor F (not necessarily exceptional)
not containing the support of S0 such that A + F ⇠ 0, i.e.,  F is f -ample and
S0 * SuppF.
Now rewrite the equation (3.4) in the following way
dAYe   (KY + S0 + { AY}+ #F) ⇠Q   f ⇤(KX + S+ B)  #F (3.5)
where # > 0.
Notice that both sides of the above relation (3.5) are Q-Cartier divisors. Let
G be the reduced divisor of codimension 1 components of the exceptional locus
of f and H a sufficiently ample divisor on Y such that OY(H   dAYe   G) and
OY(KY + H) are both globally generated. Let D   0 be a divisor whose support
does not contain S0 but D ⇠ H   dAYe   G, then D + G ⇠ H   dAYe. By (3.5),
KY + X0 is Q-Cartier where
X0 = S0 + { AY}+ D+ #F+ G ⇠ S0 + { AY}+ #F+ H   dAYe.
SinceOY(KY+H) is globally generated, there exists a divisor E   0whose support
does not contain S0 such that E  KY ⇠ H is Cartier. Let D = 1pe0 1(X0 + E), where
e0   0, then D ⇠Q 1pe0 1((KY + X0) + H), so D   0 is Q-Cartier. Thus KY + X00 is
Q-Cartier and p - index(KY + X00), where X00 = X0 + D = S0 + { AY}+ #F+ D+
G + D. We replace the S0 contained in D by an integral Weil divisor S1   0 such
that S0 ⇠ S1 and S1 does not contain S0, then we still have KY +X00 isQ-Cartier and
p - index(KY + X00).
We can rewrite the relation (3.5) in the following way
dAYe   (KY + X00   D  G) ⇠Q   f ⇤(KX + S+ B)  #F  D. (3.6)
Let X = X00   D  G. Then from the relation above, we get that dAYe   (KY + X)
is a Q-Cartier f -ample divisor for e0   0, since  F is f -ample and the coefficients
22
of D are small for e0   0. Also notice that the denominators of KY + X are still not
divisible by p. Thus X satisfies all the three properties stated above.
Lemma 3.16. With the same notations and hypothesis as in the Proposition 3.15, further
assume that (Sn, BSn) is strongly F-regular, where Sn ! S is the normalization morphism
and (KX + S + B)|Sn = KSn + BSn is defined by adjunction. Then we can choose the
divisor X to satisfy additionally the following properties
(iv) X  S0 + { AY}+ f ⇤A for some Q-Cartier Q-divisor A   0 on X and
(v) (Sn, B⇤Sn) is strongly F-regular, where B⇤Sn = BSn + A|Sn.
Proof. Let A be an effective Q-Cartier Q-divisor on X whose support contains
f (Ex( f )), Supp(B) and also f (D), f (H), f (E), f (F), and f (S1) which appeared
during the construction of X in Proposition 3.15, but not the Supp(S), such that
(Sn, BSn + A|Sn) is strongly F-regular.
Recall from the proof of Proposition 3.15 that X = X00  D G = S0+ { AY}+
#F + 1pe0 1(X
0 + E). Thus by choosing e0   0 and 0 < # ⌧ 1, we can guarantee
that X satisfies both of the properties (iv) and (v).
3.2 Main Theorem
In this section, we a prove the main theorem of this chapter which is the char-
acteristic p > 0 analogue of PLT inversion of adjunction.
Theorem 3.17 (Inversion of Adjunction). Let (X, S+ B) be a pair, where X is a normal
variety, S+ B   0 is a Q-divisor, KX + S+ B is Q-Cartier, and S = bS+ Bc is reduced
and irreducible. Let n : Sn ! S be the normalization morphism, write (KX + S+ B)|Sn =
KSn + BSn. If (Sn, BSn) is strongly F-regular, then S is normal; furthermore, S is a unique
center of sharp F-purity of (X, S + B) in a neighborhood of S and (X, S + B) is purely
F-regular near S.
Proof. Normality of S: Since the question is local on the base, we can assume that
X is an affine variety. Let f : Y ! X be a projective birational morphism from
a normal variety Y and S0 the strict transform of S such that f |S0 : S0 ! S is the
normalization morphism (such f exists by Proposition 3.12), and
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KY + S0 = f ⇤(KX + S+ B) +AY. (3.7)
Claim: The image of the map
f⇤OY(dAYe) d! ( f |S0)⇤OS0(dAYe|S0) (3.8)
contains n⇤OSn .
Grant (3.8) for the time being, then since
f⇤OY(dAYe) ✓ OX
(as dAYe is exceptional), it follows that the morphism OX ! n⇤OSn is surjective.
This implies that n⇤OSn = OS, hence S = Sn.
Proof of Claim (3.8): We have the following short exact sequence
0! OY(dAYe   S0)! OY(dAYe)! Q! 0 (3.9)
whereQ! OS0 (dAYe|S0) is the natural map and dAYe|S0 is well defined by Lemma
3.13.
Let X   0 be a Q-divisor on Y as in the conclusion of the Proposition 3.15 and
3.16 and X00   0 is another Q-divisor on Y which appeared in the proof of the
Proposition 3.15. Let g > 0 be an integer such that (pg   1)(KY + X00) is a Cartier
divisor and (pg   1)(KY + X) is an integral Weil divisor. Such integer g > 0 exists
by the definition of X00 and Property (ii) of X in Proposition 3.15. Also assume that
Leg,X = (1  peg)(KY + X). Then from (3.6), we have
(peg   1)dAYe+ Leg,X = (peg   1)(dAYe   (KY + X)) ⇠ (peg   1)(H   (KY + X00))
is an ample Cartier divisor. Twisting the exact sequence (3.9) by the ample line
bundle OY((peg   1)dAYe+ Leg,X) and taking cohomologies, we get the following
diagram










0 // f⇤OY(dAYe   S0) // f⇤OY(dAYe) d // ( f |S0)⇤OS0(dAYe|S0)
(3.10)
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where L = OY(Leg,X + pegdAYe   S0),M = OY(Leg,X + pegdAYe) and
N = Q⌦OY((pge   1)dAYe+ Leg,X). The top sequence is exact since
R1 f⇤OY(Leg,X + pegdAYe   S0)
= R1 f⇤OY((dAYe   S0) + (peg   1)(dAYe   KY   X))
= 0 for e  0,
by Property (iii) of X in the Proposition 3.15 and the Serre Vanishing theorem.
Existence of the vertical morphisms in the digram (3.10) is guaranteed by Lemma
3.18. From the commutativity of the above diagram (3.10), we get that
Image(ae)
d⇣ Image(be) (3.11)
is surjective, for all e  0.
Also we have the following commutative diagram
Feg⇤ ( f |S0)⇤(Q⌦OY(Leg,X + (peg   1)dAYe)) //
be
✏✏
Feg⇤ ( f |S0)⇤OS0((Leg,X)|S0 + pegdAYe|S0)
ye
✏✏
( f |S0)⇤OS0(dAYe|S0)) ( f |S0)⇤OS0(dAYe|S0)
(3.12)
where (Leg,X)|S0 = (1  peg)(KS0 + XS0), XS0 is an effective Q-divisor on S0 defined
by adjunction such that KS0 + XS0 = (KY + X)|S0 . Observe that the adjunction
formula makes sense because OY(m(KY + X)) is locally free at all condimension 1
points of S0 for some m > 0 by Lemma 3.13 and so all the hypothesis of [Kol13,
Definition 4.2] are satisfied.
Clearly Image(be) ,! Image(ye). We will prove that Image(be) contains n⇤OSn
for all e  0.
Since { AY}   dAYe =  AY, the inequality (iv) in Proposition 3.16 implies
(after adding KY   dAYe and restricting to S0) that
h⇤(KSn + BSn + A|Sn)   KS0 + XS0   dAYe|S0 (3.13)
where h : S0 ! Sn is the induced morphism.
Since dAYe|S0 is effective by Lemma 3.14, from (3.13) we get
(1  pe)h⇤(KSn + B⇤Sn)  (1  pe)(KS0 + XS0) + pedAYe|S0
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and so
Fe⇤OSn((1  pe)(KSn + B⇤Sn)) ✓ h⇤Fe⇤OS0((1  pe)(KS0 + XS0) + pedAYe|S0). (3.14)
Since (Sn, B⇤Sn) is strongly F-regular, by perturbing B⇤Sn a little bit, we can as-
sume that p - index(KSn + B⇤Sn) and (Sn, B⇤Sn) is still strongly F-regular (see [HX13,
2.13]). Let bQ = Q/torsion. Observe that bQ is a rank 1 torsion free sheaf on S0
and bQ ,! OS0(dAYe|S0). Let C be an effective Cartier divisor on Sn containing
h(Supp(OS0(dAYe|S0)/ bQ)). Then (Sn, B⇤Sn + e0C) is strongly F-regular for 0 < e0 ⌧
1. For e   0 (where e depends on e0 > 0), we get the following factorizations of
morphisms
OS0(dAYe|S0   (pe   1)h⇤(e0C)) ,! bQ ,! OS0(dAYe|S0). (3.15)
Combining all these, we get the following commutative diagram
n⇤Feg
0
⇤ OSn ((1  peg0 )(KSn + B⇤Sn + e0C)) // // _








(peg0   1) (dAYe|S0   KS0   XS0 ) +
⇣





















(1  peg0 ) (KS0 + XS0 ) + peg0 dAYe|S0
⌘
// n⇤h⇤OS0 (dAYe|S0 )
(3.16)
Since (Sn, B⇤Sn + e0C) is strongly F-regular and n is a finite morphism, the top
horizontal row of the diagram (3.16) is surjective for all e   0. This implies that
the image, Image(be) of the map
n⇤h⇤Feg
0
⇤ (OS0((peg0   1)(dAYe|S0   KS0   XS0))⌦Q) be! n⇤h⇤OS0(dAYe|S0)
contains n⇤OSn for all e  0, since be factors through
n⇤h⇤Feg
0
⇤ (OS0((peg0   1)(dAYe|S0   KS0   XS0))⌦ bQ).
Combining this with (3.11), we get our Claim (3.8).
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Uniqueness of the F-pure Center: Now we will prove that S is the unique
center of sharp F-purity of (X, S+ B) in a neighborhood of S. Recall that
Image(ae) ✓ f⇤OY(dAYe) ✓ OX.
Since S normal, from the proof of the claim (3.8) we get that Image(ae) surjects
onto OS, hence Image(ae) = f⇤OY(dAYe) = OX near S, i.e., dAYe is effective and
exceptional over a neighborhood of S.
Now, if possible, let Z be a center of sharp F-purity of (X, S + B) such that
Z \ S 6= ∆. Let D1 be an effective Q-Cartier divisor on X such that S * D1 and
p - index(KX + S+ B+ D1). Such D1 exists by [HX13, 2.13] since X is affine and
hence S ⇠ T, where T   0 and Supp T + S. Choose D2, a Cartier divisor such
that Z ✓ D2 but S * D2. Choose the coefficients of D1 sufficiently small and
1  d > 0, so that X+ f ⇤(D) satisfies all the properties of X, where D = D1 + dD2.
Then running through the same proof as above with X replaced by X+ f ⇤(D), we
get that Image(ae) = f⇤OY(dAYe) = OX near S, i.e.,
Feg⇤ f⇤OY ((1  peg)(KY + X+ f ⇤(D) + pegdAYe)! f⇤OY(dAYe) = OX (3.17)
is surjective near S for all e  0.
Now
((1  peg)(KY + X+ f ⇤(D)) + pegdAYe)  ((1  peg) f ⇤(KX + S+ B+ D))
= dAYe   (peg   1)(D+ eF)
= dAYe   p
eg   1
pe0   1 (X
0 + E)  (peg   1)eF  0
for sufficiently large and divisible e > 0, since SuppdAYe ✓ SuppG ✓ SuppX0,
where G is the reduced divisor of codimension 1 components of the exceptional
locus of f .
This gives the following commutative diagram near S
0 // Feg⇤ f⇤OY((1  peg)(KY + X+ f ⇤(D)) + pegdAYe)
✏✏
// Feg⇤ OX((1  peg)(KX + S+ B+ D))
✏✏
0 // f⇤OY(dAYe) OX
Since the image of the second vertical map stabilizes to s(X, S+ B+ D) for e  0,
by (3.17), we see that s(X, S+ B+D) = OX near S. Thus (X, S+ B+D) is sharply
F-pure near S. Hence Z is not a center of F-purity for (X, S+ B), a contradiction.
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F-regular Inversion of Adjunction: For any effective Cartier divisor E not
containing S, in the proof above, we may assume that Supp E ✓ SuppD and hence
the natural map OX ! Feg⇤ OX(d(peg   1)(S + B)e + E) splits near S. Therefore,
(X, S+ B) is purely F-regular near S.
Lemma 3.18. The vertical morphisms in the diagram (3.10) are well defined.
Proof. First ae : F
eg
⇤ f⇤OY(Leg,X + pedAYe) ! f⇤OY(dAYe) is defined naturally
by the Grothendieck trace map (see [BS13]) followed by the twist of dAYe (see
Proposition 2.20) and f⇤.










0 // f⇤OY(dAYe   S0) // f⇤OY(dAYe) d // ( f |S0)⇤OS0(dAYe|S0)
To define the first vertical map, we need to do some work. LetU be the smooth
locus ofY. Since bXc = S0 is irreducible andY is normal, S0|U is a center of F-purity
of (U,X|U). Then by [Sch14, 5.1], there exists a map (following the Grothendieck
trace map)
Feg⇤ OU((Leg,X   S0)|U)! OU( S0|U).
Twisting this map by dAYe|U, we get
Feg⇤ OU((Leg,X + pegdAYe   S0)|U)! OU((dAYe   S0)|U).
Since codimY(Y U)   2, this map extends (uniquely) to a map on Y:
Feg⇤ OY(Leg,X + pegdAYe   S0)! OY(dAYe   S0)
as all of the sheaves considered above are reflexive. Applying f⇤ to this map we
get our first vertical map.
We define be by diagram chasing. It is easy to see that be is well defined.
Corollary 3.19. With the same hypothesis as Theorem 3.17, (X, S+ B) is PLT near S.
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Proof. Since (X, S+ B) is purely F-regular near S by Theorem 3.17, it is PLT near S
by [HW02, 3.3].
CHAPTER 4
VANISHING THEOREMS AND LOG
CANONICAL CENTERS
The Kawamata-Viehweg vanishing theorem, which is a generalization of the
Kodaira vanishing theorem, is one of the fundamental tools used in the study of
theMinimalModel Program in characteristic 0. Unfortunately, this theorem fails in
characteristic p > 0. In this chapter, we prove a special version of this theorem in
characteristic p > 5 for 3-folds, using the existence of minimal models for 3-folds
due to Hcaon and Xu [HX13], and Birkar [Bir13]. We then use this theorem to
prove the normality of minimal LC centers.
The following theorem is one of the common versions of the Kawamata-Viehweg
vanishing theorem used in characteristic 0.
Theorem 4.1. Let f : X ! Y be a projective morphism between two quasi-projective
varieties in characteristic 0. Let (X,D) be a KLT pair and D, an integral Weil divisor on
X such that D ⌘ D+ M, where M is f -nef and f -big. Then Ri f⇤OX(KX + D) = 0 for
all i > 0.
For the rest of this chapter we work over an algebraically closed field k of
characteristic p > 5, unless stated otherwise.
Acknowledgement: Contents of this chapter are from the article [DH15].
4.1 Properties of Log Canonical Centers
In this section, we establish some basic properties of the LC centers which will
be useful later in this chapter.
Lemma 4.2. Let X be a Q-factorial KLT 3-fold and (X,D   0), a log canonical pair. Let
W1 and W2 be two log canonical centers of (X,D). Then every irreducible component of
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W1 \W2 is a log canonical center of (X,D).
Proof. There are three cases depending on the codimension ofW1 andW2.
Case I: The codimensions of W1 and W2 are both 1. In this case, W1 and W2 are
components of D. Let D = W1 +W2 + D¯. Then by adjunction on Wn1 , we have
(KX +W1 +W2 + D¯)|Wn1 = KWn1 +W2|Wn1 + DiffWn1 (D¯), where Wn1 ! W1 is the
normalization. By localizing at the generic point of an irreducible component of
W1 \W2, we reduce it to a surface problem. Now, on a surface in characteristic
p > 0, the relative Kwamata-Viehweg vanishing and Kollar’s connectedness the-
orem hold (see [Kol13, 10.13] and [Das13, 3.1]). Thus on a surface, the intersection
of two LC centers is a LC center and we are done.
Case II: The codimension of W1 is 1 and the codimension W2 is 2. Since X is Q-facorial,
(X, (1  e)D) is KLT for any 0 < e < 1. Thus by [Bir13], there exists a Q-factorial
model f 0 : X0 ! (X,D) of relative Picard number r(X0/X) = 1 such that Ex( f 0) is
a unique exceptional divisor E0 overW2 and
KX0 + E0 +W 01 + D0 = f 0⇤(KX + D) (4.1)
where D0   0, andW 01 is the strict transform ofW1 under f 0.
SinceW 01 and E0 are Q-Cartier, they intersect along a curve (possible reducible).
Let C0 be an irreducible component ofW 01 \ E0. Then by Case I, C0 is a LC center of
(X0, E0 +W 01 + D0   0). Since every irreducible component of W1 \W2 is domin-
ated by an irreducible component ofW 01 \ E0, we are done by relation (4.1).
Case III: The codimension of W1 and W2 are both 2. Again since X is Q-factorial,
(X, (1  e)D) is KLT for any 0 < e < 1. Thus by [Bir13], there exists a Q-factorial
model f 0 : X0 ! (X,D) such that Ex( f 0) = E01 [ E02, where f 0(E01) = W1 and
f 0(E02) = W2, and
KX0 + E01 + E02 + D0 = f 0⇤(KX + D). (4.2)
Since E01 and E02 are Q-Cartier, they intersect along a curve (possibly reducible).
Let C0 be an irreducible component of E01 \ E02. Then by Case I, C0 is a LC center of
(X0, E01+ E02+D0   0). Since every irreducible component ofW1\W2 is dominated
by an irreducible component of E01 \ E02, we are done by relation (4.2).
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The following proposition is a characteristic p > 5 version of Fujino’s adjunc-
tion theorem for DLT pairs (see [Cor07, 3.9.2] and [Kol13, 4.16]) on a Q-factorial
3-fold.
Proposition 4.3 (DLT Adjunction). Let (X,D   0) be a Q-factorial DLT 3-fold such
that D = D1 + D2 + · · ·+ Dr + B and bDc = D1 + D2 + · · ·+ Dr. Also assume that
X has KLT singularities. Then the following hold
1. The s-codimensional log canonical centers of (X,D) are exactly the irreducible com-
ponents of the various intersections Di1 \ · · ·\Dis for some {i1, . . . , is} ✓ {1, . . . , r}.
2. Every irreducible component of Di1 \ · · · \ Dis is normal and of pure codimension
s.
3. Let W be a log canonical center of (X,D), then there exists an effective Q-divisor
DW   0 on W such that (KX + D)|W ⇠Q KW + DW and (W,DW) is DLT.
4. If Di \ Dj = ∆ for all i 6= j, then (X,D) is in fact PLT.
Proof. The proof in [Kol13, Theorem 4.16] works in characteristic p > 5 with some
modification. We write the whole proof here for the sake of completeness.
Let E be a divisor over X such that a(E,X,D) =  1 and Z = centerXE. By
localizing at the generic point of Z, we may assume that Z is a closed point of
X. By the DLT assumption, X is smooth at Z and D is SNC. If dimZX = n, then
there exist SNC divisors B1, B2, . . . , Bn through Z such that D = Â aiBi for some
0  ai  1 (we can ignore the components of D that do not pass through Z). Set
D0 = Â Bi. Then a(E,X,D0)    1 by [Kol13, 2.1] and a(E,X,D) > a(E,X,D0)    1
by [KM98, 2.27] unless ai = 1 for all i. Thus every Bi appears in D with coefficient
1. Hence the Bi’s are some of the Dj’s and Z is an irreducible component of the
intersection of the corresponding Dj’s. This proves one direction of (1).
Since X isQ-factorial, (X,Di + (1  e)(D1+ · · ·+Di 1+Di+1+ · · ·+Dr) + B)
is DLT. Then by the equivalence of Part (1) and (3) in [KM98, Proposition 5.51],
(X,Di + (1  e)(D1 + · · · + Di 1 + Di+1 + · · · + Dr) + B) is PLT. Thus (X,Di) is
also PLT and then by adjunction, (Di, DiffDi) is KLT. Since DiffDi has standard
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coefficients, by [Har98] and [HX13, 3.1], (Di, DiffDi) is strongly F-regular in charac-
teristic p > 5. Then by [HX13, 4.1] and [Das13, 4.1, 5.4], Di is normal. This proves
that every irreducible component of bDc is normal and hence (2) for s = 1.
Next we prove the following claim. After that, we establish (1), (2), and (3) by
induction on s.
Claim: If D is an irreducible component of bDc, then (D,DD) is DLT, where DD =
DiffD(D   D). By adjunction (D,DD) is log canonical. Let Z be a LC center of
(D,DD). Then there exists a divisor ED overDwhose center is Z and a(ED,D,DD) =
 1, where DD = DiffD(D D). Thus by [Kol13, 4.8], there exists a divisor EX over
Xwhose center is Z and a(EX,X,D) =  1. Since (X,D) is DLT, (X,D) is SNC at the
generic point of Z. Thus DiffD(D  D) = (D  D)|D and hence (D, DiffD(D  D))
is SNC at the generic point of Z. Therefore, (D, DiffD(D  D)) is DLT.
Every irreducible component of Di \ Dj is a LC center of (X,D) by Lemma 4.2.
This proves (1) for s = 2. For s > 2, we use induction and the equality
Di1 \ Di2 \ · · · \ Dis = (Di1 |Dis ) \ · · · \ (Dis 1 |Dis ). (4.3)
From the Claim 4.1, it follows that (Di, DiffDi(D  Di)) is DLT. Then Di is a Q-
factorial surface by [FT12, 6.3]. Thus as before, we can show that each irreducible
component of Dj|Di is normal. This proves Part (2) for s = 2. For s > 2, we use
induction and the equality (4.3).
Part (3) follows from the Claim and by induction on the codimension ofW.
If Di \ Dj = ∆ for all i 6= j, then by the equivalence of Part (1) and (3) of
[KM98, Proposition 5.51], (X,D) is PLT.
Definition 4.4 (Divisorial Extraction). Let (X,D   0) be aQ-factorial 3-fold log ca-
nonical pair with a unique exceptional divisor E over X of discrepancy a(E,X,D) =
 1. A divisorial extraction is aQ-factorial PLT model f : (Y, E+ D0   0)! (X,D)
of relative Picard number r(Y/X) = 1, such that KY + E+ D0 = f ⇤(KX + D).
Remark 4.5. Divisorial extractions exist in any dimension in characteristic 0 by




We prove the following vanishing theorem for 3-folds in characteristic p > 5.
Theorem 4.6 (Relative Vanishing Theorem). Let (X,D > 0) be aQ-factorial 3-fold log
canonical pair with isolated center W, codimXW = 2 and S a unique exceptional divisor
dominating W with a(S,X,D) =  1. Also assume that X has KLT singularities. Let
f : (Y, S+ B) ! (X,W) be the corresponding divisorial extraction such that KY + S+
B = f ⇤(KX + D). Then R1 f⇤OY( S) = 0.
Proof. Note that  S is Q-Cartier f -ample divisor.
Claim: The following sequence is exact at all codimension 2 points of Y
0 // Be // Fe⇤OY((1  pe)KY   peS)
fe // OY( S) // 0 (4.4)
for all e  0 and sufficiently divisible, where Be is the kernel of fe.
Granting Claim (4.4) for the time being, we will show that R1 f⇤OY( S) = 0.
The exact sequence (4.4) can be split into the following two exact sequences
0 // Be // Fe⇤OY((1  pe)KY   peS)
fe //// Im(fe) // 0 (4.5)
and
0 // Im(fe) // OY( S) // Qe // 0 (4.6)
where Qe is the corresponding quotient.
Pushing forward the exact sequence (4.5) by f , we get
R1 f⇤(Fe⇤OY((1  pe)KY   peS))! R1 f⇤Im(fe)! R2 f⇤Be. (4.7)
Now R2 f⇤Be = 0, since the maximum dimension of the fibers of f is 1. Let r be
the index of KY + S and H =  (KY + S). By the division algorithm, there exist
integers k > 0 and 0  b < r such that (pe   1) = r · k + b. Then by the Serre
vanishing theorem
R1 f⇤(Fe⇤OY((1  pe)KY   peS)) = Fe⇤(R1 f⇤OY(k · rH   b(KY + S)  S)) = 0
for all e  0 and sufficiently divisible, since H is f -ample.
Thus from (4.7), we get
R1 f⇤Im(fe) = 0. (4.8)
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Again, pushing forward the exact sequence (4.6), we get
R1 f⇤Im(fe)! R1 f⇤OY( S)! R1 f⇤Qe. (4.9)
R1 f⇤Qe = 0, since Qe is supported at finitely many points and R1 f⇤Im(fe) = 0 by
(4.8). Thus we have
R1 f⇤OY( S) = 0. (4.10)
We will now prove Claim (4.4). By Proposition 4.3, S is normal and (Y, S+ B)
is PLT. Since Y is Q-factorial, (Y, S) is also PLT.
Now, since the question is local on Y, we may assume that Y is affine. Then by
[HX13, 2.13], we can choose an effective Q-Cartier divisor G   0 not containing
S and with sufficiently small coefficients such that KY + S + G is Q-Cartier with
index not divisible by p.
Localizing Y at a codimension 2 point, we may assume that Y is an excellent
surface. Thus by adjunction, we have (KY + S+ G)|S = KS + DS + G|S, where DS
is the Different. Since (Y, S) is PLT, (S,DS) is KLT by adjunction. Hence (S,DS) is
strongly F-regular by [HX13, 2.2], since S is a smooth curve. Since the coefficients
of G are sufficiently small, (S,DS + G|S) is strongly F-regular. Therefore, we get
the following surjection
Fe⇤OS((1  pe)(KS + DS + G|S))⇣ OS
for all e  0 and sufficiently divisible.
We have the following commutative diagram
Fe⇤OY((1  pe)(KY + S+ G))
✏✏
// // Fe⇤OS((1  pe)(KS + DS + G|S))
✏✏✏✏
OY // // OS
(4.11)
Since the ring OY is local, the surjectivity of the second vertical map (along with
Nakayama’s lemma) implies the surjectivity of the first vertical map, i.e.,
Fe⇤OY((1  pe)(KY + S+ G)) // // OY is surjective. (4.12)
Since the map (4.12) factors through Fe⇤OY((1  pe)KY), we get the following sur-
jectivity
Fe⇤OY((1  pe)KY)
ye // // OY. (4.13)
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Let s be a pre-image of 1 under ye. Then we get the following splitting of ye
OY ·s // Fe⇤OY((1  pe)KY)
ye // OY. (4.14)
Twisting (4.14) byOY( S) and taking reflexive hull, we get the following splitting
OY( S) // Fe⇤OY((1  pe)KY   peS) // OY( S). (4.15)
In particular, the morphism
Fe⇤OY((1  pe)KY   peS) // // OY( S) is surjective and Claim (4.4) follows.
4.3 Minimal Log Canonical Centers
Normality of minimal log canonical centers is a consequence of the Kawamata-
Viehweg vanishing theorem and inversion adjunction in characteristic 0. We take
a similar approach here and use Theorem 4.6 in place of the Kawamata-Viehweg
vanishing theorem.
Theorem 4.7. Let (X,D) be a Q-factorial 3-fold log canonical pair such that X has KLT
singularities. If W is a minimal log canonical center of (X,D), then W is normal.
Proof. Since X isQ-factorial and all log canonical centers of (X,D) are contained in
D, (X, (1  e)D) is KLT for any 0 < e < 1. Then by Reid’s Tie Breaking trick (see
[Cor07, 8.7.1]), we may assume thatW is the unique log canonical center of (X,D)
with a unique exceptional divisor over X of discrepancy  1. There are two cases
depending on the codimension ofW.
Case I: The codimension of W is 1. Since X is Q-factorial, (X,W) is log canonical.
By adjunction (KX +W)|Wn = KWn + DiffWn , where Wn ! W is the normaliza-
tion and (Wn, DiffWn) is KLT. Thus by [Har98] and [HX13, 3.1], (Wn, DiffWn) is
strongly F-regular in characteristic p > 5. Then Wn = W, i.e., W is normal by
[HX13, 4.1] or [Das13, 4.1].
Case II: The codimension of W is 2. Let f : (Y, S + B) ! (X,D) be a divisorial
extraction such that
KY + S+ B = f ⇤(KX + D)
where S is the exceptional divisor overW.
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(Y, S+ B) is PLT with S an irreducible PLT center. Since Y is Q-factorial, (Y, S)
is also PLT. By adjunction, we have (KY + S)|Sn = KSn + DiffSn , where Sn ! S
is the normalization. Then (Sn, DiffSn) is KLT. Hence by [HX13, 3.1], (Sn, DiffSn)
is strongly F-regular in characteristic p > 5, and so Sn = S, i.e., S is normal by
[HX13, 4.1] or [Das13, 4.1, 5.4].
Consider the following exact sequence
0 // OY( S) // OY // OS // 0
By Theorem 4.6, we have R1 f⇤OY( S) = 0. Thus we get the following exact
sequence
0 // f⇤OY( S) // f⇤OY // f⇤OS // 0.
Since f⇤OY( S) = IW and f⇤OY = OX, we get
0 // IW // OX // f⇤OS // 0.








where n : Wn !W is the normalization morphism.
Hence OW = n⇤OWn , i.e.,W is normal.
CHAPTER 5
ADJUNCTION FORMULA ON 3-FOLDS
Adjunction formula is an important technical tool in algebraic geometry. It is
known for codimension 1 subvarieties in all dimension and in arbitrary character-
istic. The simplest form of this formula is the following theorem.
Theorem 5.1. [Har77, Proposition II.8.20] If X is a non-singular variety and S ✓ X is
non-singular subvariety of codimension 1, then (KX + S)|S ⇠ KS.
If X is not smooth, then this formula requires a correction term called the
‘Different’. We have the following general version of the formula.
Theorem 5.2. Let (X, S+ D) be a LC pair in arbitrary characteristic. Then there exists
a Q-divisor DSn on the normalization Sn ! S called the ‘Different’ such that (KX + S+
D)|Sn ⇠Q KSn + DSn.
Remark 5.3. For a more general version of Theorem 5.2 and some properties of the
‘Different’, see [Kol92, Chapter 6] and [Kol13, Section 4.1].
Adjunction formula for subvarieties of higher codimension is a conjecture pro-
posed by Shokurov and Kawamata independently.
Conjecture 5.4. [Amb99] Let (X,D   0) be a pair, where X is a normal variety, D   0
is a R-divisor, and KX + D is R-Cartier. Let W ✓ X be a subvariety of X which is a LC
center of (X,D) and Wn !W is the normalization. Then
1. There exists an effective R-divisor DWn   0 on Wn called the ‘Different’ such that
KWn + DWn is R-Cartier.
2. There exists a semi-ample R-divisor MWn   0 on Wn such that (KX + D)|Wn ⇠R
KWn + DWn + MWn.
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Many different (weaker) versions of this conjecture are known in characteristic
0. In 1997, Kawamata [Kaw97] proved the following theorem for LC center of
condimension 2 in characteristic 0.
Theorem 5.5. [Kaw97, Theorem 1] Let (X,D   0) be LC pair, where X is a normal
variety in characteristic 0 and D   0 is a Q-Cartier Q-divisor. Let W be a LC center of
(X,D), Wn !W the normalization, and codimX W = 2. Then
1. There exists canonically determined effective Q-divisors MW   0 and DW   0 on
Wn such that (KX + D)|Wn ⇠Q KW + DW + MW. Moreover, if D = D0 + D00 with
D0 (resp. D00) the sum of irreducible components which contain (resp. do not contain)
W, then MW is determined only by the pair (X,D0).
2. There exists an effective Q-divisor M0W on Wn such that M0W ⇠Q MW and the pair
(Wn,DW + M0W) is LC.
3. If X is KLT and W is a minimal LC center of (X,D), then there exists M0W such that
(W,DW + M0W) is KLT.
In 1998, Kawamata [Kaw98] proved another version of the conjecture for LC
center of arbitrary codimension in characteristic 0.
Theorem 5.6. [Kaw98, Theorem 1] Let X be a normal projective variety in characteristic
0. Let D0   and D   0 be effectiveQ-divisors on X such that D0 < D, (X,D0) is KLT, and
(X,D) is LC. Let W be a minimal LC center of (X,D). Let H be an ample Cartier divisor
on X, and e > 0 a positive rational number. Then there exists an effective Q-divisor DW
on W such that
(KX + D+ eH)|W ⇠Q KW + DW
and that the pair (W,DW) is KLT. In particular, W has rational singularities.
In 2012, Fujino and Gongyo [FG12] proved the following special version of the
conjecture in characteristic 0.
Theorem 5.7. [FG12, Theorem 1.2] Let K be the rational number field Q or the real
number field R. Let X be a normal projective variety in characteristic 0 and D   0 an
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effective K-divisor on X such that (X,D) is LC. Let W be a minimal LC center of (X,D).
Then there exists an effectiveK-divisor DW   0 on W such that
(KX + D)|W ⇠K KW + DW
and the the pair (W,DW) is KLT. In particular, W has rational singularities.
Remark 5.8. Observe that the theorem of Fujino-Gongyo (Theorem 5.7) is stronger
than Kawamata’s theorem (Theorem 5.6) in the sense that D = 0 is allowed in
Fujino-Gongyo’s theorem. In the same article, Fujino and Gongyo also proved a
local version of the adjunction formula; see [FG12, Theorem 7.2].
For the rest of this chapter, we work over an algebraically closed field of char-
acteristic p > 5, unless stated otherwise.
Acknowledgement: Contents of this chapter are taken from the article [DH15].
5.1 Preliminaries
To start with, we will need the following definitions and results.
5.1.1 DCC Sets
We say that a set I of real numbers satisfies the descending chain condition or





: r 2 N
 
satisfies the DCC.
Let I ✓ [0, 1]. We define




ip for some i1, i2, . . . , il 2 I}
and
D(I) := {a  1 : a = m  1+ f
m
,m 2 N, f 2 I+}.
Lemma 5.9. [MP04, 4.4] Let I ✓ [0, 1]. Then
1. D(D(I)) = D(I) [ {1}.
2. I satisfies DCC if and only if I¯ satisfies the DCC, where I¯ is the closure of I.
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3. I satisfies DCC if and only if D(I) satisfies the DCC.
Lemma 5.10. [CGS14, Lemma 2.3][MP04, Lemma 4.3][HMX14, Lemma 4.1] Let (X,D)
be a log canonical pair such that the coefficients of D belong to a set I ✓ [0, 1]. Let S
be a normal irreducible component of bDc and Q   0 be the Q-divisor on S defined by
adjunction:
(KX + D)|S = KS +Q.
Then, the coefficients of Q belong to D(I).
5.1.2 Divisorial Parts and Moduli Parts
Let f : X ! Z be a surjective proper morphism between two normal varieties
and KX + D ⇠Q f ⇤L, where D is a Q-divisor. Let (X,D) be LC near the generic
fiber of f , i.e., ( f 1U,D| f 1U) is LC for some Zariski dense open subset U ✓ Z.
Then we define two divisors Ddiv and Dmod on Z in the following way:
Ddiv =Â(1  cQ)Q, where Q ✓ Z are prime Weil divisors of Z,
cQ = sup{c 2 R : (X,D+ c f ⇤Q) is LC over the generic point hQ of Q} and
Dmod = L  KZ   Ddiv, so that KX + D ⇠Q f ⇤(KZ + Ddiv + Dmod).
5.1.3 Properties of Ddiv and Dmod
1. Observe that Ddiv is a fixed divisor on Z, called the Divisorial part and Dmod
is a Q-linear equivalence class on Z, called theModuli part.
2. By abuse of language, f ⇤Q is defined as the divisor associated to the pullback
f ⇤t of a local parameter t of the local ring OhQ,Z. Since the supremum is
defined over the generic point of Q, the choice of t is irrelevant.
3. If f 0 : X0 ! X is a proper birational morphism and D0 is the log pullback of
D, i.e.,
KX0 + D0 = f 0⇤(KX + D),
then D0div = Ddiv. This happens because (X
0,D0 + ( f   f 0)⇤L) is LC if and
only if (X,D+ f ⇤L) is LC, where L is a Q-Cartier divisor on Z.
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4. Let f 0 : X0 ! X be a finite morphism from a normal variety X0 and D0
the log pullback of D, i.e., KX0 + D0 = f 0⇤(KX + D). If char(k) = 0, or
deg( f 0) < char(k), or deg f 0 - char(k) and X0/X is Galois cover, then from
[Kol13, Corollary 2.43], we see that (X0,D0) is LC if and only if (X,D) is LC.
Thus D0div = Ddiv.
5. If D is boundary over the generic point of every prime divisor Q ✓ Z, then
Ddiv is effective.
6. (X,D) is KLT (resp. LC) over the generic point of Q ✓ Z if and only if cQ > 0
(resp. cQ   0).
7. If (X,D) is LC and D is boundary, then Ddiv is boundary.
Let M0,n be the moduli space of n-pointed stable curves of genus 0, f0,n :
U 0,n ! M0,n the universal family, and P1,P2, · · · ,Pn, the sections of f0,n which
correspond to the marked points (see [Kee92] and [Knu83]). Let dj (j = 1, 2, · · · , n)
be rational numbers such that 0 < dj  1 for all j, Âj dj = 2 and D = Âj djPj.
Lemma 5.11. 1. There exists a smooth projective variety U ⇤0,n, a P1-bundle g0,n :
U ⇤0,n !M0,n, and a sequence of blowups with smooth centers
U 0,n = U (1) s2 // U (2) s3 // · · · sn 2 // U (n 2) = U ⇤0,n.
2. Let s : U 0,n ! U ⇤0,n and g0,n : U ⇤0,n ! M0,n be the induced morphisms, and
D⇤ = s⇤D. Then KU0,n +D   s⇤(KU ⇤0,n +D⇤) is effective.
3. There exists a semi-ample Q-divisor L onM0,n such that
KU ⇤0,n +D⇤ ⇠Q g⇤0,n(KM0,n + L).
Proof. The proof in [Kaw97, Theorem 2] works in positive characteristic without
any change (see also [CTX13, 6.7], [PS09, 8.5], and [KMM94, Section 3]).
Lemma 5.12 (Stable Reduction Lemma). Let B be a smooth curve and f : X ! B, a
flat family of rational curves such that the general fiber is isomorphic to P1, and a unique
singular fiber X0 over 0 2 B. Also assume that f |X⇤ : (X⇤ = X\X0;P1,P2, . . . ,Pn) !
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B⇤ = B  {0} is a flat family of n-pointed stable rational curves sitting in the following
commutative diagram







Then there exists a unique flat family fˆ : Xˆ ! B of n-pointed stable rational curves











where the broken horizontal map is a birational map such that f 1B⇤ ⇠= fˆ 1B⇤.
Proof. SinceM0,n is a proper scheme, by the valuative criterion of properness, any
morphism B⇤ ! M0,n extends uniquely to a morphism B ! M0,n. Now since
M0,n has a universal family U 0,n, the existence of fˆ : Xˆ ! B follows by taking the
fiber product.
5.2 Canonical Bundle Formula
In this section, wework over an algebraically closed field of characteristic p > 5
unless stated otherwise.
Canonical bundle formula is one of the main ingredients of the adjunction
formula in higher codimension. In this section, we prove the following theorem.
Theorem 5.13. Let f : X ! Z be a proper surjective morphism, where X is a normal
surface and Z is a smooth curve over an algebraically closed field k of char (k) > 0. Also
assume that Q = Âi Qi is a divisor on Z such that f is smooth over (Z  Supp(Q)) with
fibers isomorphic to P1. Let D = Âj djPj be a Q-divisor on X, where dj = 0 is allowed,
which satisfies the following conditions:
1. (X,D   0) is KLT.
2. D = Dh + Dv, where Dh = Â f (Dj)=Z djDj and D
v = Â f (Dj) 6=Z djDj. An irredu-
cible component of Dh (resp. Dv) is called horizontal (resp. vertical) component.
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3. Char (k) = p > 2d , where d is the minimum non-zero coefficient of D
h.
4. KX + D ⇠Q f ⇤(KZ + M) for some Q-Cartier divisor M on Z.
Then there exists an effective Q-divisor Ddiv   0 and a semi-ample Q-divisor Dmod   0
on Z (as defined in 5.1.2) such that
KX + D ⇠Q f ⇤(KZ + Ddiv + Dmod).
Proof. The sketch of the proof of this formula is given in [CTX13, 6.7]. We include
a complete proof following the idea of the proof of [PS09, Theorem 8.1].
First we reduce the problem to the case where all components of Dh are sec-
tions. Let Di0 be a horizontal component of D and Z
0 ! Di0 be the normalization
of Di0 . Then n : Z
0 ! Z is a finite surjective morphism of smooth curves. Let X0 be











Let k = deg(n : Z0 ! Z) and l be a general fiber of f . Then
k = Di · l  1di (D · l) =
1
di
( KX · l) = 2di 
2
d
< Char (k). (5.4)
Therefore, n : Z0 ! Z is a separable morphism.
Let D0 be the log pullback of D under n0, i.e.,
KX0 + D0 = n0⇤(KX + D). (5.5)
More precisely, we have (by [Kol92, 20.2])
D0 =Â
i,j
d0ijD0ij, n0(D0ij) = Di, d0ij = 1  (1  di)eij,
where eij’s are the ramification indices along the D0ij’s.
By construction, X dominates Z. Also, since n is etale over a dense open subset
of Z, say, n 1U ! U, and etale morphisms are stable under base change, ( f 0  
n) 1U ! f 1U is etale. Thus the ramification locus L of n0 does not contain any
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horizontal divisor of f 0, i.e., f 0(L) 6= Z0. Therefore, D0 is boundary near the generic
fiber (⇠= P1) of f 0, i.e., D0h is effective. We observe that the coefficients of D0h can
be computed by intersecting with a general fiber of f 0 : X0 ! Z0, hence they are
equal to the coefficients of Dh ✓ X. Thus the condition p > 2d remains true for D0
on X0.
After finitely many such base changes, let g : Y ! Z˜ be a family such that all
of the horizontal components of DY are sections of g, where DY is the log pullback











By Lemma 5.12, we get a family of n-pointed stable rational curves Yˆ = Z˜⇥M0,n
U 0,n ! Z˜. Let X˜ be the common resolution of Y and Yˆ. Let Xˆ = Z˜ ⇥M0,n U ⇤0,n.
By the universal property of fiber product, there exists a morphism µ : X˜ ! Xˆ.
Since X˜, Yˆ, and Xˆ are all isomorphic P1-bundles over a dense open subset U ✓ Z˜,




























Let D˜ and Dˆ be Q-divisors on X˜ and Xˆ, respectively, defined by
KX˜ + D˜ = p
⇤(KX + D). (5.8)
and
KXˆ + Dˆ = µ⇤(KX˜ + D˜).
Since KX˜ + D˜ is a pullback from the base Z˜ (by (5.7)), by the Negativity lemma, we
get
KX˜ + D˜ = µ
⇤(KXˆ + Dˆ). (5.9)
Since the definition of the divisorial part of the adjunction does not depend on the
birational modification of the family (see [PS09, Remark 7.3(ii)] or [Amb99, Remark
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3.1]), we will define it with respect to fˆ : Xˆ ! Z˜. First we will show that the
Q-divisor Dˆmod on Z˜ is semi-ample.
Since fˆ is finite and D⇤ is horizontal, it follows that fˆ⇤(D⇤) is horizontal too.
Since Dˆh is also horizontal, one sees that
Dˆh = fˆ⇤(D⇤).
From the construction of the s : U 0,n ! U ⇤0,n we see that (F,D⇤|F) is log canonical
for any fiber F of g0,n : U ⇤0,n !M0,n. Since the fibers of fˆ : Xˆ ! Z˜ are isomorphic
to the fibers of g0,n, (Fˆ, Dˆh|Fˆ) is also log canonical, where Fˆ is a fiber of fˆ . Finally,
since Xˆ is a surface, by inversion of adjunction, (Xˆ, Fˆ + Dˆh) is log canonical near
Fˆ. Thus we get
Dˆv = fˆ ⇤Dˆdiv (5.10)
and
KXˆ + Dˆ
h ⇠Q fˆ ⇤(KZ˜ + Dˆmod). (5.11)
By (5.11), Lemma 5.11 and [Liu02, Chapter 6, Theorem 4.9 (b) and Example
3.28], we get
KXˆ + Dˆ
h   fˆ ⇤(KZ˜ + f⇤0L) = KXˆ/Z˜ + Dˆh   fˆ⇤KU ⇤0,n/M0,n   fˆ
⇤(D⇤) ⇠Q 0. (5.12)
Since fˆ has connected fibers, by (5.11) and (5.12) and the projection formula for
locally free sheaves, we get
Dˆmod ⇠Q f⇤0L
i.e., Dˆmod is semi-ample.
Now, since y : Z˜ ! Z is a composition of finite morphisms of degree strictly
less than Char (k), by [Kol13, Corollary 2.43] and [Amb99, Theorem 3.2] (also see
[CTX13, 6.6]), we get
KZ˜ + Dˆdiv ⇠Q y⇤(KZ + Ddiv). (5.13)
Therefore,
y⇤Dmod ⇠Q Dˆmod (5.14)
Since Z and Z˜ are both smooth curves, Dmod is semi-ample.
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5.3 Adjunction Formula
Theorem 5.14. Let (X,D   0) be a Q-factorial 3-fold log canonical pair such that the
coefficients of D are contained in a DCC set I ✓ [0, 1]. Let W be a minimal log canonical
center of (X,D), and codimension of W is 2. Also assume that X has KLT singularities
and char(k) > 2d , where d is the non-zero minimum of the set D(I) (defined in 5.1.1).
Then the following hold:
1. W is normal.
2. There exists effective Q-divisors DW and MW on W such that (KX + D)|W ⇠Q
KW + DW + MW. Moreover, if D = D0 + D00 with D0 (resp. D00) the sum of
all irreducible components which contain (resp. do not contain) W, then MW is
determined only by the pair (X,D0).
3. There exists an effectiveQ-divisor M0W such that M0W ⇠Q MW and the pair (W,DW +
M0W) is KLT.
Proof. Normality ofW follows from Theorem 4.7.
Since X isQ-Cartier, (KX +D)|W = (KX +D0+D00)|W = (KX +D0)|W +D00|W .
Thus we may assume that all components of D contain W. Since W is a minimal
log canonical center of (X,D) and codimX W = 2, it does not intersect any other
LC center of codimension   2, by Lemma 4.2. Thus by shrinking X (removing
closed subsets of codimension   2 which do not intersectW) if necessary, we may
assume thatW is the unique log canonical center of codimension   2 of (X,D).
Let f : (X0,D0)! (X,D) be a Q-factorial DLT model over (X,D) such that
KX0 + D0 = f ⇤(KX + D). (5.15)
Such f exists by [KK10, 3.1] and [Bir13].
Note that, since X isQ-factorial, the exceptional locus of f supports an effective
anti-ample divisor. In particular, all positive dimensional fibers of f are contained
in the support of bD0c.
Let E be an exceptional divisor dominatingW. Then E is normal by Proposition
4.3. Write D0 = E+Â di f 1⇤ Di.
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By adjunction, we have
KE + D0E = (KX0 + D0)|E = f ⇤((KX + D)|W) (5.16)
and (E,D0E) is DLT, by Proposition 4.3 and the coefficients of D0E are in the set D(I)
by Lemma 5.10.
By Theorem 5.13, there exist Q-divisors DW   0 and MW   0 onW such that
KE + D0E ⇠Q f |⇤E(KW + DW + MW). (5.17)
Since f |E : E ! W has connected fibers, from (5.16), (5.17) and the projection
formula for locally free sheaves, we get
(KX + D)|W ⇠Q KW + DW + MW . (5.18)
Lemma 5.15 given below shows that DW is independent of the choice of the excep-
tional divisor f dominatingW.
From the definition of DW , we see that DW   0, since D0E   0. Also, since DW
is independent of the birational modifications (by [PS09, Remark 7.3(ii)]) and W
is a minimal LC center, by taking a log resolution of (X0,D0) and working on the
strict transform of E, we see that the coefficients of DW are strictly less than 1. Thus
bDWc = 0.
Since MW is semi-ample and W is a smooth curve, either MW = 0 or MW is
ample. In the later case by Bertini’s theorem, there exists an effective Q-divisor
M0W ⇠Q MW such that bM0Wc = 0 and Supp(M0W) \ Supp(DW) = ∆. Hence
(W,DW + M0W) is KLT.
Lemma 5.15. With the same hypothesis as in Theorem 5.14, the divisor DW = Ddiv on
W is independent of the choice of the exceptional divisor dominating W.
Proof. Let E1 and E2 be two exceptional divisors of f dominatingW such that
KX0 + E1 + E2 + D0 = f ⇤(KX + D), (5.19)
where f : X0 ! X is the DLT model as above and D0 = E1 + E2 + D0.
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By adjunction on E1, we get
KE1 + C+ D
0
E1 = f
⇤((KX + D)|W), (5.20)
where C is an irreducible component of E1 \ E2.
Adjunction on C gives
KC + D0C = f ⇤((KX + D)|W). (5.21)
Let Q be a point onW, and
t = LCT(E1,C+ D0E1 ; f
⇤Q), s = LCT(C,D0C; f ⇤Q|C).
Since C is an irreducible component of E1 \ E2 dominatingW, it is enough to show
that t = s. By adjunction, t  s. So by contradiction, assume that t < s.
Since (E1,C+ D0E1) is DLT by Proposition 4.3, (E1,C+ D
0
E1 + t
0 f ⇤Q) is LC outside
of f 1Q for any t0 > t. Thus all NLC centers of (E1,C+ D0E1 + t
0 f ⇤Q) appear along
f 1Q.
The general fiber of f |E1 : E1 ! W is isomorphic to P1. Thus degree((C +
D0E1)|P1) = 2 by (5.20). There are two cases depending on whether C intersects the
general fiber with degree 1 or 2.
Case I: C intersects the general fiber with degree 1. Then there exists a horizontal
component C0 of D0E1 . Let H be an ample divisor on E1, and Fh, the generic fiber of
f |E1 : E1 !W. Choose l > 0 such that
(H   lC0) · Fh = 0.
Then (H  lC0)|Fh ⇠Q 0. Thus by [Cor07, 8.3.4], H ⇠Q lC0  Â liFi, where the Fi’s
are irreducible components of some fibers of f . By adding the pullback of some
appropriate divisors from the base to lC0  Â liFi, we may assume that li > 0 for
all i and lC0  Â liFi is f -ample.
Assume that there exists a point P 2 f 1Q but P /2 C such that (E1,C+ D0E1 +
(t+ e) f ⇤Q) is not LC at P, where 0 < e⌧ 1 such that t+ e < s. Then by choosing
0 < l,li ⌧ 1 we can assume that (C + D0E1   lC0 + Â liFi)   0, (E1,C + D0E1  





KE1 + C+ D
0
E1   lC0 +Â liFi
⌘






Then by [Bir13, 8.3], NKLT(E1,C+ D0E1   lC0 +Â liFi + (t+ e) f ⇤Q) \ f 1Q is
connected. Let R 2 C \ f 1Q. Then there exists a chain of curves Gi’s connecting
R and P, and contained in NKLT(E1,C+D0E1   lC0+Â liFi + (t+ e) f ⇤Q)\ f 1Q.
Now NKLT(E1,C + D0E1   lC0 + Â liFi + (t+ e) f ⇤Q) ✓ NKLT(E1,C + D0E1 +
Â liFi + (t+ e) f ⇤Q). Since we are only concentrating on the NKLT centers along
f 1Q, we may assume that Fi’s are all contained in f 1Q. Then by choosing
0 < li ⌧ 1 for all i, such that t + e0 = t + e + max{li} < s, we see that
NKLT(E1,C+D0E1 +Â liFi+(t+ e) f
⇤Q) ✓ NKLT(E1C+D0E1 +(t+ e0) f ⇤Q). Thus
the curves Gi’s are contained in the NKLT(E1,C+ D0E1 + (t+ e
0) f ⇤Q). Hence Gi’s
are contained in NLC(E1,C+ D0E1 + s f
⇤Q). This implies that (E1,C+ D0E1 + s f
⇤Q)
is not LC at R 2 C. Then by inversion of adjunction, we get a contradiction to the
fact that (C,D0C + s f ⇤Q|C) is LC.
Case II: C intersects the general fiber with degree 2. In this case, E1 \ E2 = C and
D0E1 = D
0
E2 = 0. Since D 6= 0 and every component of D contains W, one of the
Ei’s, say E2 = f 1⇤ Di, where Di is an irreducible component of D. Thus in this case,
the exceptional divisors of f do not intersect each other. Since X is Q-factorial, the
exceptional locus Ex( f ) of f : X0 ! X supports an effective anti-ample divisor and
hence Ex( f )\ f 1(w) is connected for all w 2W. Thus f has a unique exceptional
divisor in this case and we are done.
CHAPTER 6
F-ADJUNCTION
The F-Different was first defined formally by Schwede in [Sch09], and the Dif-
ferent was defined originally by Shokurov. In [Sch09], Schwede proved the equal-
ity of the F-Different and the Different for divisors which are Cartier in codimen-
sion 2 (see [Sch09, 7.2]) and conjectured that the equality holds in general. We
prove this conjecture in this chapter. This equality then gives a second proof
(Corollary 6.5) of the Theorem 3.17. Our proof of this equality also closes the gap
in Takagi’s proof of the equality of restriction of certain generalizations of test ideal
sheaves (see [Tak08, Theorem 4.4]), where it is assumed that these two Differents
coincide.
6.1 Preliminaries
Let (X, S+D) be a pair, where X is a F-finite normal scheme of pure dimension
over a field k of characteristic p > 0 and S+ D   0 is a Q-divisor such that (pe  
1)(KX + S + D) is Cartier for some e > 0. Also assume that S is a reduced Weil
divisor, S ^ D = 0 and n : Sn ! S is the normalization morphism. Then by [MS12,
4.7] (also see [Sch09, 8.2]), there exists a canonically determined Q-divisor DSn   0
on Sn such that n⇤(KX + S+ D) ⇠Q KSn + DSn .
Definition 6.1. The divisor DSn   0 defined above is called the F-Different and it
is denoted by F-DiffSn(D).
Let (X, S + D) be a pair as above. Then following the construction of [Kol92,
Chapter 16] or [Kol13, Definition 4.2], we see that there exists a canonically de-
termined Q-divisor D0Sn   0 on Sn such that n⇤(KX + S+ D) ⇠Q KSn + D0Sn .
Definition 6.2. The divisor D0Sn defined above is called the Different and it is de-
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noted by DiffSn(D).
We have given an example of the Different in Chapter 1, Example 2.4.1. The
following example of F-Different is taken from [BS13, Example 7.1.2].
6.1.1 Example
Let S = k[x, y, z], char(k) = p > 2, and R = k[x, y, z]/(xy   z2). Then X =
SpecR is a cone over a degree 2 rational curve C ✓ P3. Let D = V(x, z) be a
ruling of the cone X. We will compute the F-Different for the pair (X,D). Fe⇤S
is a free S module with a basis {Fe⇤(xl1yl2zl3) : 0  li  pe   1for all i}. Let







1 if l1 = l2 = l3 = pe   1
0 otherwise.
By Fedder’s lemma [BS13, Lemma 6.2.1], the map Y(Fe⇤ ) = F(Fe⇤((xy  z2)pe 1 ·
)) induces a Fe⇤R-module generator of HomR(Fe⇤R,R). Observe thatOX( 2nD) =
(xn).
Now consider the map
jX(Fe⇤ ) = Y(Fe⇤(x
pe 1
2 · )) = FS(Fe⇤(x
pe 1
2 (xy  z2)pe 1 · )).
We see that jX corresponds to the divisor (pe   1)D. It is easy to see that jX
is compatible with respect to D. Thus we obtain jD. To compute the divisor






(xy  z2)pe 1 = x 3(p
e 1)
2 yp








2 + · · ·
The reason this works is because the map FS(Fe⇤(xp
e 1zpe 1 · )) induces the gen-




) 6= 0 (mod p) and so if
FD : Fe⇤k[y] ! k[y] is the map generating HomOD(Fe⇤OD,OD), then jD (which is
restriction of jX to D) is defined by the rule





















The divisor DD is the F-Different on D which appears in the F-adjunction of the
pair (X,D), i.e., (KX + D)|D ⇠Q KD + DD.
Remark 6.3. For the general theory of F-Adjunction, see [Sch09] and [BS13]. We
follow the definitions of the ideals tb(X;D) and tb(X,* Q;D) as in [BSTZ10].
6.2 F-Different Is Not Different from the Different
In this section, we show that the F-Different coincides with the Different.
Theorem 6.4. Let (X, S+D   0) be a pair, where X is a F-finite normal excellent scheme
of pure dimension over a field k of characteristic p > 0 and S+ D   0 is a Q-divisor on
X such that (pe   1)(KX + S + D) is Cartier for some e > 0. Also assume that S is a
reduced Weil divisor and S ^ D = 0. Then the F-Different, F-DiffSn(D) is equal to the
Different, DiffSn(D), i.e., F-DiffSn(D) = DiffSn(D), where S
n ! S is the normalization
morphism.
Proof. First observe that F-DiffSn(D) and DiffSn(D) are both divisors on Sn, so it is
enough to prove that they are equal at all codimension 1 points of Sn. Since the
codimension 1 points of Sn lie over the condimension 1 points S, by localizing X at
a codimension 1 point of S we can assume that X is an excellent surface.
Since S+ D   0, by [BS13, 4.1], it induces a map
j : Fe⇤L ! OX, (6.1)
where
L = OX((1  pe)(KX + S+ D)) is a line bundle.
Let p : Y ! X be a log resolution of (X, S+ D) (log resolution exists for excellent
surfaces by [Abh65] and [Hir84], also see [Lip78]) such that p 1⇤ S = eS is smooth
and
KY + eS+ DY = p⇤(KX + S+ D). (6.2)
Then by [BS13, 7.2.1], we have a morphism
jY : Fe⇤p⇤L ! K (Y) (6.3)
where K (Y) is the constant sheaf of rational functions on Y, such that jY agrees
with j wherever p is an isomorphism.
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Let DY = eD + SaiEi, where eD is the strict transform of D and Ei’s are the
exceptional divisors of p. Then we can factor jY in the following way
Fe⇤OY((1  pe)(KY + eS+ eD+ SaiEi)) ✓ Fe⇤OY((1  pe)(KY + SaiEi))! K (Y). (6.4)
Let N   0 be a sufficiently large Cartier divisor on Y such that
jY(Fe⇤OY((1  pe)(KY + SaiEi))) ✓ OY(N). (6.5)
Then from (6.4), we have
jY : Fe⇤p⇤L ! OY(N). (6.6)
We see that eS is jY-compatible in the following way
Fe⇤OY((1  pe)(KY + eS+ DY)  eS) ✓ Fe⇤OY((1  pe)(KY + SaiEi)  pe eS)! OY(N   eS). (6.7)
Thus we get the following induced morphism on eS (c f . [BS13, 6.0.3])
jY : F
e⇤p⇤L |eS ! OeS(N|eS). (6.8)
Since p|eS : eS! S is the normalization morphism, by [Kol13, 4.7], we have
KeS + DY|eS ⇠Q KeS + DiffeS(D) and DiffeS(D) = DY|eS. (6.9)
Since DiffeS(D)   0 as D   0, from (6.9), we get that DY|eS   0. This implies that
jY(F
e⇤p⇤L |eS) ✓ OeS, since we have the following factorization of jY:
Fe⇤p⇤L |eS = Fe⇤OeS((1  pe)(KeS + DY|eS)) ✓ Fe⇤OeS((1  pe)(KeS))! OeS. (6.10)
Thus we get the following commutative diagram:
Fe⇤L |Sn // OSn
Fe⇤p⇤L |eS jY // OeS
since Sn = eS.
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Now from the commutative diagram above, we get that
F-DiffSn(D) = F-DiffeS(DY).
Since DY|eS   0, by working locally on a neighborhood of eS, we can assume that
DY   0. Since Y is smooth and eS+ DY   0 has simple normal crossing support,
by [Sch09, 7.2], F-DiffeS(DY) = DY|eS. But DY|eS = DiffSn(D) by (6.9). Therefore,
F-DiffSn(D) = DiffSn(D).
Corollary 6.5. Let (X, S + B) be a pair, where X is a normal variety, S + B   0 is a
Q-divisor, KX + S + B is Q-Cartier, and bS + Bc = S is reduced and irreducible. Let
n : Sn ! S be the normalization morphism, write (KX + S + B)|Sn = KSn + BSn. If
(Sn, BSn) is strongly F-regular, then S is normal and (X, S+ B) is purely F-regular near
S.
Proof. The question is local on the base, thus we can assume that X = SpecR.
Let D0 be an effective Weil divisor on X such that D0   KX is Cartier. Let S0 be
another effective Weil divisor on X such that S0 ⇠ S but S0 does not contain S. Let
D = S
0+B+D0
pe 1   0 for e   0. D is an effective Q-Cartier divisor. Then KX + S+
B+D is a Q-Cartier divisor with index not divisible p and bS+ B+Dc = S. Then
index of KSn + BSn + D|Sn is also not divisible by p, where (KX + S+ B+ D)|Sn =
KSn + BSn +D|Sn . Choosing e  0, we can assume that (Sn, BSn +D|Sn) is strongly
F-regular. Therefore, we are reduced to the case where the indexes of KX + S+ B
and KSn + BSn are both not divisible by p.
Since by Theorem 6.4, BSn = F-DiffSn(B) and (Sn, BSn) is strongly F-regular,
(Sn, BSn) has no proper nontrivial center of F-purity by [Sch10, 4.6]. Let J be the
conductor of the normalization Sn ! S. Then by [Sch09, 8.2], J is F-compatible
with respect to (Sn, BSn). If J 6= A, then by [Sch10, 4.10] and [Sch10, 4.8], we arrive
at a contradiction. Thus S ⇠= Sn, i.e., S is normal.
Let Q be the generic point of S. Then by [BSTZ10, 3.15], tb(X,* Q; S+ B)|S =
tb(S; BS). Since KS + BS isQ-Cartier, tb(S; BS) = tb(S; BS) by [BSTZ10, 3.7]. There-
fore, tb(X,* Q; S+ B)|S = tb(S; BS). Since (S, BS) is strongly F-regular, tb(S; BS) =
OS. Thus tb(X,* Q; S+ B)|S = OS, hence (X, S+ B) is purely F-regular near S.
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